We study the theoretical phase behavior of an asymmetric binary mixture of hard spheres, of which the smaller component is monodisperse and the larger component is polydisperse. The interactions are modeled in terms of the second virial coefficient and can be additive hard sphere (HS) or nonadditive hard sphere (NAHS) interactions. The polydisperse component is subdivided into two sub-components and has an average size ten or three times the size of the monodisperse component. We give the set of equations that defines the phase diagram for mixtures with more than two components in a solvent. We calculate the theoretical liquid-liquid phase separation boundary for two phase separation (the binodal) and three phase separation, the plait point, and the spinodal. We vary the distribution of the polydisperse component in skewness and polydispersity, next to that we vary the non-additivity between the sub-components as well as between the main components. We compare the phase behavior of the polydisperse mixtures with binary monodisperse mixtures for the same average size and binary monodisperse mixtures for the same effective interaction. We find that when the compatibility between the polydisperse sub-components decreases, three-phase separation becomes possible. The shape and position of the phase boundary is dependent on the non-additivity between the subcomponents as well as their size distribution. We conclude that it is the phase enriched in the polydisperse component that demixes into an additional phase when the incompatibility between the sub-components increases.
I. INTRODUCTION
In the study of the phase behavior of binary mixtures, the components are usually assumed to be pure and monodisperse, however in nature most components are not that neatly monodisperse. Many components show size and charge variation or contain hard to remove particles that can influence their phase behavior in binary mixtures. In their experimental work, Sager [1] reported that even small impurities can lead to drastic shifts in the position of the phase boundary. Next to that the compatibility between components can be depended on the temperature [2] , salt concentration or pH of the solution [3] . Two different physical mechanisms drive the phase separation between hard spheres. The first one involves only excluded volume interactions. In this mechanism the minimal distance between the particles is determined by the sum of their respective radii [4] . This is the typical additive hard sphere interaction (HS). With this mechanism, phase separation is driven by a size asymmetry between the particle sizes [5] . This asymmetry leads to depletion of small spheres around the large spheres and as a result to an effective attraction (depletion interaction) between the larger spheres [6] . The other mechanism is when the distance between the particles of a different species can be larger or smaller than the sum of their respective radii. This is referred to as non-additive hard sphere (NAHS) interaction. Previous research has shown that already at small degrees of non-additivity it becomes possible for components with no size asymmetry to demix [7] [8] . Either way, upon phase separation, the mixture will demix into two (or more) phases, each enriched in one of the components. In the previous article, we focused on the first type of interaction [9] . We investigated the influence of size polydispersity on the phase behavior of an additive binary asymmetric mixture. In this work we will focus on the second type, binary (polydisperse) mixtures where the distance between the particles of different species can be larger or smaller than the sum of their respective radii. Piech and Walz [10] studied the effect of size polydispersity and charge heterogeneity on the depletion interaction in a colloidal system. They found that the size distribution in the larger particle had a different effect on the depletion attraction for charged and non-charged hard sphere systems. For the depletion attraction decreased between the larger particles at constant volume fraction due to the polydispersity. This effect was further enhanced by the presence of charge. Polydispersity significantly lowers the magnitude of the repulsive barrier. The non-additivity is usually described by the nonadditivity parameter ∆ (with ∆ ≥ −1). When ∆ = 0 the mixture has additive hard sphere interaction and the closest approach of the particles is the sum of their radii. When ∆ < 0 the two particles experience more attraction and can come closer to each other than the sum of their radii, while when ∆ > 0 the two particles have more repulsion and their distance of closest approach is larger than the sum of their respective radii. It is clear that this can have enormous effects on their phase behavior. Particles with a negative ∆ tend to be more compatible with each other, while particles with a positive ∆ are less compatible and tend to demix at lower concentrations. Already at the relatively low ∆ = 0.1, it becomes possible for components with the same size to demix [11] .
Paricaud [12] studied the phase behavior of polydisperse colloidal dispersions. Their mixture consisted of a monodisperse component and a polydisperse component. The interaction between the monodisperse and polydisperse components was assumed to be NAHS (with the same ∆ for all polydisperse sphere), while the interaction between the polydisperse components amongst themselves was assumed to be additive HS. They find that the critical point of a polydisperse mixture is at lower solution pressure than for completely monodisperse mixtures. For mixtures with large variation in the size of the polydisperse mixtures they observe the possibility of a three phase system. The phase behavior of a colloid and a polydisperse polymer was studied by [13] . They used the Asakura-Osawa model fo the interactions between the different components. They found that increasing the polydispersity increased also the extent of the fluidfluid coexistence. They reason that the introduction of larger polymer coils is the driving force towards phase separation.
In this study we aim to get a better understanding of how non-additive interaction influences the phase behavior of binary mixtures with some polydispersity or impurities. We will study the position of the phase separation boundary, the spinodal, and the critical point. Next to that we aim to predict the fractionation of the polydisperse component between the different phases. We model the interactions between the different components using the second virial coefficient (II A). In section II B we describe the equations for the spinodal, in section II C we describe the equations for the critical point and finally in section II D we describe the equations defining the phase boundary. With the expressions in section II we have enough to calculate the phase diagram for a variety of mixtures described in section III. First we introduce non-additivity between the main components in the binary mixtures (III A), subsequently we introduce nonadditivity between the sub-components in the polydiseperse component (III B), and finally we combine both in section III C. In section III D we look into the fractionation of some of the mixtures from III B at a specific parent concentration.
II. THEORY
We show the equations used for the calculations of the phase diagram of the different studied systems: the set of equations defining the stability boundary, the critical point, and phase boundaries of a mixture. All sets of equations are solved in Matlab R2017b. For a more detailed derivation of the equations, we refer to [9] .
A. Osmotic virial coefficient
The osmotic pressure, Π, of a solution at a temperature T , can be written as a virial expansion, similar to the virial expansion of the universal gas law for real gasses [14] :
with β = 1 kT , k the Boltzmann's constant, ρ the number density of the component N ν V , B 2 the second virial coefficient, and B 3 the third virial coefficient. The second virial coefficient accounts for the increase in osmotic pressure due to particle pairwise interaction. The third virial coefficient accounts for the interaction between three particles in a variety of configurations. The equation can be expanded for higher densities with B n , the n th virial coefficient, which accounts for the interaction between n different particles. In this work we will limit the virial expansion to the second virial coefficient, which is given by [15] :
in which µ s is the chemical potential of the solution, W (r) is the interaction potential between the particles, and r is the distance. For additive hard sphere (HS) interaction, the interaction potential for two particles (of the same species or different species) is given by:
with σ ij = (σ i + σ j )/2, the distance between the centers of the two particles. For non-additive hard spheres (NAHS), the distance of the closest approach of the centers of the two particles of different species can be closer or further than the distance between their centers [7] . The closest distance then becomes: σ ij = ((σ i + σ j )/2)(1 + ∆), in which ∆ (≥ −1) accounts for the non-additivity of the interaction between the particles. When ∆ > 0 the distance of closest approach of both spheres increases and when ∆ < 0 the distance of closest approach decreases compared to that due to HS interaction only. For additive hard sphere interaction ∆ = 0. In a mixture with n distinguishable components in a solution, there are two main types of two particle interactions that can occur: between particles of the same species and particles of different species. For the second virial coefficient given by eq. 2, using the interaction potential defined in eq. 3, we find:
where B xx is the second virial coefficient for particles of the same species (assumed to be HS) and B xy is the second virial coefficient of particles of different species, which can be HS or NAHS. The general equation for the osmotic pressure for a dilute mixture is given by [9] :
In this article we focus on binary mixtures in which one of the components consists of sub-components. By increasing the number of sub-components, the number of equations to solve for the phase diagram increases. Just as in article [9] we also compare the results to the number averaged virial coefficients of the different components. The number averaged virial coefficient was chosen because it allows for comparison to experiments, e.g. the virial coefficient obtained from osmometric measurements [16] . The number averaged second virial coefficient of a mixture can be written as:
in which B ii is the second virial coefficient of the i th particle, B ij is the second cross virial coefficient of the i th particle and the j th particle, and x i is the fraction of the i th particle, x i = 1. Using this definition, we can map the binary mixture consisting of for example a monodisperse component 1 and a component 2 subdivided into two subcomponents (a and b) by a 2 × 2 matrix of virial coefficients. We will refer to this 2 × 2 matrix as the effective virial coefficient matrix.
The effective virial coefficient matrix for this mixture becomes then:
The stability of a mixture is dependent on the second derivative of the free energy. If the second derivative of the mixture becomes zero, the mixture is at the boundary of becoming unstable. Unstable mixtures have a negative second derivative [17] [18] . The differential of the free energy of a mixture is given by [14] :
in which µ i , the chemical potential (the first partial derivative of the free energy with respect to number of particles (N i )) for component i is given by:
For a mixture with n distinguishable components, the second partial derivatives can be represented by a n × n matrix of the first partial derivatives of the chemical potential of each component. This results in the following general stability matrix:
The mixture is stable when all eigenvalues are positive [19] , when on the other hand one of the eigenvalues is not positive, the mixture becomes unstable. The limit of stability is reached when the matrix has one zero eigenvalue and is otherwise positive definite, and is referred to as the spinodal [20] . When there are only two components in the mixture (n = 2), the spinodal is defined by the condition det M 1 = 0. When the number of components is larger (n > 2), det M 1 = 0 can have more than one solution [19] . The spinodal can be found by checking whether det M 1 changes sign for small changes in the concentrations of the components.
C. Critical points
In a binary mixture, the critical point is a stable point which lies on the stability limit (spinodal) [20] and where the phase boundary and spinodal coincide. In mixtures of more components these critical points become plait points. Critical points and plait points are in general concentrations at which two phases are in equilibrium and become indistinguishable [21] . There are two criteria that can be used to find critical points. The first one is det(M 1 ) = 0, which is the equation for the spinodal. The other criterion is based on the fact that at the critical point, the third derivative of the free energy should also be zero. For a multicomponent system, this criterion can be reformulated using Legendre transforms as det(M 2 ) = 0 [18] [22] , where:
Matrix M 2 is matrix M 1 with one of the rows replaced by the partial derivatives of the determinant of matrix M 1 . Note: it does not matter which row of the matrix is replaced.
D. Phase boundary
When a mixture becomes unstable and demixes into two or more phases, the chemical potential of each component and the osmotic pressure is the same in all phases [14] .
where the phases are denoted by I, II, .... For a mixture containing n distinguishable components, that demixes into two phases, this results in n + 1 equations and 2 × n unknowns. If the mixture demixes into three phases, this results in 2 × n + 2 equations and 3 × n unknowns. To solve the set of equations without having to fix the concentration of one component and the ratio between the other components for at least one of the phases, we need extra equations. For the extra set of equations, we build on the fact that no particles are lost and no new particles are created during phase separation, and the fact that we assume that the total volume does not change.
For a system that separates into three phases we then obtain:
which can be rewritten as [9] :
in which f denotes the number of phases. This results in the following set of equations:
With this set of equations, we have 2 × n + 1 unknowns and 2 × n + 1 equations for mixtures that separate into two phases. For mixtures that demix into three phases, we have 3 × n + 2 unknowns and 3 × n + 2 equations. Therefore, this set of equations allows for calculating the concentration of each component in each of the phases for any given parent concentration, given that the mixture will demix at this concentration.
III. RESULTS AND DISCUSSION
In this work we calculated the phase diagram for a variety of binary non-additive mixtures of a small hard sphere A and a larger hard sphere B with a size ratio q = σ A /σ B . Component B is sub-divided into two sub-components and is characterized by a degree in polydispersity (P D), defined by:
We varied the non-additivity between particles of component A and B (∆ AB ), and between the subcomponents of B (∆ BaB b ). Next to that we varied the degree of polydispersity (P D) of component B and the distribution between the sub-components as well as the size ratio (q) between component A and B. For all particles, the concentrations are expressed as a dimensionless parameter according to η = πρσ 3 6 . We calculated the critical point, the phase separation boundary, and the spinodal of the various mixtures. Next to that, we also investigated the composition of the child phases, volume fraction of the phases (α), and the fractionation of the polydisperse component B for a specific parent mixture (η = (0.010, 0.200)), for mixtures with a size ratio q = σ A /σ B = 1/10 and ∆ AB = 0, while varying the non-additive interaction between the sub-components of B (∆ BaB b ). 
A. Non-additive interaction between component A and B (∆AB)
For the first set of mixtures (see figure 1 ), we calculated the phase diagram for binary mixtures with nonadditive interaction between monodisperse component A and slightly polydisperse component B, with two sub-components and a P D = 4.00. These two subcomponents are additive hard spheres in two sizes (both present in the same amount), with the number average size of the mixture equal to 10 times the size of component A. The mixture therefore consist of three components of different size. We varied the non-additivity between component A and B (∆ AB , the same for both sub-components) from -0.1 to 0.5 with a step size of 0.1. When ∆ AB = 0, the interaction between all components equals additive hard sphere interaction. We calculated the phase diagram using both the simplified 2 × 2 effective virial coefficient matrix described in the theory (we refer to this as the effective mixture B) and the full 3 × 3 virial coefficient matrix (to which we refer as the polydisperse mixture B). These mixtures are also compared to mixtures in which component B is monodisperse with a size equal to the average particle size of component B (we refer to this as the monodisperse mixture B).
With increasing ∆ AB , the phase boundary, spinodal and critical point shifts towards lower concentrations, for the monodisperse mixture, effective mixture, and polydisperse mixture. This is in line with research on nonadditive binary mixtures [23] . The difference between the phase boundary, spinodal and critical point of the monodisperse mixture and the effective mixture is negligible, for all ∆ AB . We see however that the introduction of the polydispersity causes the critical point to shift to a higher volume fraction of component B and that especially at lower volume fraction of component B the phase separation boundary shifts towards slightly lower packing fractions. This effect is more pronounced when ∆ AB is small. When the P D of component B is increased, or the distribution of the sub-components of B is varied, we see the same pattern as in figure 1 (see supplementary materials). However, we see that, just like discussed in [9] , the critical point shifts towards higher concentrations of B for the polydisperse mixtures depending on the size and concentration of the largest sub-component of B and the difference between the effective and the monodisperse mixtures increases with the size of the largest sub-component of B.
B. Non-additive interaction within polydisperse component B (∆B a B b )
In the next set of mixtures, we kept the interaction between the components A and B as hard-sphere addi- tive, but we introduced some non-additivity in the interaction between the sub-components of B. we varied ∆ BaB b from −0.10 to 0.10 with a step size of 0.05. When ∆ BaB b is small, the sub-components are more compatible with each other, when on the other hand ∆ BaB b increases and becomes positive, the compatibility between the sub-components decreases. When ∆ BaB b > 0 it becomes possible for components of similar size to phase separate [23] .
In figure 2 we plotted the phase diagram for the binary mixtures with P D = 4.00, ∆ AB = 0 and we varied ∆ BaB b . When ∆ BaB b > 0, the compatibility between the sub-components decreases and phase separation into three phases becomes possible (depicted as the dotted line in the figure) . Mixtures with a smaller ∆ BaB b demix into two phases at lower concentrations compared to the completely hard sphere mixture. Mixtures with a larger ∆ BaB b demix into two phases at higher packing fractions compared to the completely hard sphere mixture, and also have a three phase boundary. The three-phase boundary is at lower concentrations for larger ∆ BaB b and comes close to the two-phase boundary for the mixture with ∆ BaB b = 0.10. The critical point of the polydisperse mixtures changes depending on the non-additivity of the sub-components: The critical point is at its lowest concentrations of A for negative ∆ BaB b , its lowest concentration of B is when the interaction between the subcomponents of B becomes more like HS, and the concentration of the critical point for B increases with ∆ BaB b . In figure 3 we increased the P D for component B to 8.00 and 12.00 respectively, we kept ∆ AB = 0 and we varied ∆ BaB b as before. With increased P D, the twophase boundary of the polydisperse mixture shifts towards lower packing fractions for all mixtures. The effect of ∆ BaB b on the position of the two-phase boundary becomes smaller at lower concentration of B, however at higher concentrations of B we see that the twophase boundary for positive ∆ BaB b bends towards the y-axis and this effect is more pronounced for higher P D.
The polydispersity of B also has an effect on the position of the three-phase boundary. With increased P D, the position of the three-phase boundary becomes less dependent on ∆ BaB b and the difference in the position of the two-phase boundary and the three-phase boundary increases for the mixtures with ∆ BaB b = 0.10. For the mixtures with P D = 12.00, the difference between the three-phase boundary for the mixtures that phase separate into three phases becomes negligible. We see similar trends in the critical points for the more polydisperse mixture as in figure 2, however, with increased polydispersity and especially increased incompatibility between the sub-components (∆ BaB b > 0), the critical point shifts towards higher concentrations of B. For the mixtures with larger ∆ BaB b , the critical point can shift to η Bcrit > 0.5.
In figure 4 and 5 we varied the ratio between the subcomponents of B. The ratio between the sub-components of B is 25/75 with a P D = 6.93 in figure 4 (both left and right skewed) and 10/90 with a P D = 4.80 in figure  5 (both left and right skewed). These mixtures can be seen as a model for mixtures that contain some impurities, from a similiar material but at at different size when ∆ BaB b = 0 or a material that is less compatible with the main component (when ∆ BaB b > 0) or more compatible with the main component (when ∆ BaB b < 0). The P D is the same for both the left skewed and the right skewed mixtures. For both types of mixtures, we see that the two-phase boundaries are closer to each other for the left-skewed mixtures (large amount of the largest sub-component) compared to the right-skewed mixtures. Next to that, these left-skewed mixtures also show a larger bend in the two-phase boundary towards the yaxis for ∆ BaB b > 0. The mixture in figure 5a with ∆ BaB b = 0.05 does not have a three phase boundary, even though mixtures with these sizes can phase separate into three phases: the distribution of the sub-components makes these concentrations unattainable in the range of concentrations we focus on. For the right-skewed mixtures, we see that the threephase boundary for mixtures with ∆ BaB b = 0.10 comes very close to the two-phase boundary and for mixtures with ∆ BaB b = 0.05 the three phase boundary shows a bend back towards lower concentrations of A at low concentrations of B. This is due to the shape of the threephase surface and can also be seen on a small level in the mixture ∆ BaB b = 0.10 in figure 2 . Also Bellier-Castella and coauthors [24] found the possibility of three phase separation for polydisperse com- ponents. According to them, the transition between the two phase and three phase region proceeds via a second critical point. This second critical point is polydispersity induced.
C. Mixtures with non-additivity between sub-components of B (∆B a B b ), and between A and B (∆AB)
In figure 6 we plot the phase diagram for mixtures with varying ∆ BaB b , with a size ratio between component A and B of q = 1/3, and a non-additive interaction between A and B ∆ AB = 0.075. This is in fact a combination of the case in section III A and III B at lower size ratio between A and B. The polydisperisty of B is 4.00 (for mixtures with more variety in P D and ∆ AB we refer to supplementary material). The phase diagram of these mixtures shows a lot of similarities with the phase diagram of the mixtures in figure 2 though at different η A due to the different size ratio. Since the mixtures in figure  2 have the same P D, we conclude that the three-phase boundary position and shape is largely dependent on the interaction between the sub-components of B. The interaction between the sub-components is determined by both the P D and the non-additivity parameter ∆ BaB b . 
D. Fractionation
When a parent mixture demixes into two or more phases, each component (and also their sub-components) in the mixture will find its preferential phase in order to minimize the Helmholtz free energy of the system. This leads each phase to be enriched in one of the components, whilst being depleted by the other component(s). The other component(s) are then present only at low volume fractions. We investigated the phase separation for the mixtures in section III B for a specific parent mixture (η Aparent = 0.010, η Bparent = 0.200) in terms of the volume fraction of both components in each phase, the degree of polydispersity of component B, average size of component B in the child phases compared to the average size of component B in the parent phase and the volume fraction of the phases (α) see table I for the mixtures from figure 2 (mixtures with P D = 4.00), for other mixtures we refer to the supplementary materials. The composition histograms for each phase are given in table II for the same mixture, for other mixtures we refer to the supplementary materials. Since at this parent concentration the mixture with non-additivity parameter ∆ BaB b = 0.10 separates into three phases, we have also calculated the child phases for mixtures with between ∆ BaB b = 0.10 and ∆ BaB b = 0.05 to investigate the behavior of the subcomponents B depending on the non-additivity.
For all mixtures, the top phase, which is also the largest phase in volume, is enriched in component A. The volume fraction of the top phase is dependent on the nonadditive interaction between the sub-components of B. It increases with both more compatibility between the sub-components as well as less compatibility, with a minimum volume fraction at ∆ BaB b = 0.05. We find this dependence in volume fraction on the non-additivity parameter ∆ BaB b also for the other mixtures, however the minimum volume fraction is at different ∆ BaB b depending on the sizes of and the ratio of the sub-components a and b of B. For the mixtures (∆ BaB b > 0.075) that phase separate into three phases at this parent mixture concentration, we conclude that it is mostly the bottom phase that demixes into an additional phase (the middle phase). The bottom phase is enriched in the largest sub-component of B, while the top phase (and middle phase to a lesser extent) is enriched in the smaller subcomponent of B. We see this behavior also for the other mixtures with different composition of B.
The fractionation of the sub-components of B is dependent on the non-additivity parameter ∆ BaB b . When ∆ BaB b < 0 the sub-components a and b are more compatible with each other and this leads to less fractionation, as can be seen in table II, while on the other hand ∆ BaB b > 0 the sub-components are less compatible with each other and more fractionation occurs, even leading to additional phase separation at higher ∆ BaB b . This is something we see also for the other mixtures (see supplementary material).
IV. CONCLUSION
We find that when the compatibility between component A and B is decreased, the phase diagram (the critical point, phase boundary and spinodal) shifts towards lower volume fractions. This is in line with literature on the phase behavior of NAHS binary monodisperse mixtures. The interaction between A and B is driven by the size ratio (q) between A and B and the non-additivity parameter ∆ AB . When the compatibility between the sub-components of the polydisperse component B is altered, the phase diagram changes more drastically. When the compatibility between the sub-components is decreased, the mixture can demix into three phases each enriched in one of the (sub)components of the parent mixture. The shape and position of the three phase boundary is mainly depen-dent on the interactions between the sub-components of B. This means that it is dependent on the non-additivity parameter (∆ BaB b ) as well as the size ratios and distribution of the sub-components (the degree of polydispersity P D). Next to that, depending on the size ratios and distribution of the sub-components we see also that the the binodal and spinodal bend towards the y-axis for higher volume fractions of B when ∆ BaB b increases. For the mixtures with a more pronounced bend in the phase boundary and spinodal, we find that the critical point shifts to volume fractions η Bcrit > 0.5. This behavior is driven to a large extent by the the non-additivity parameter (∆ BaB b ) as well as the size ratios and distribution of the sub-components (the degree of polydispersity P D) and to a lesser extent by the interaction between A and B. When the compatibility between the sub-components is increased, the mixture demixes at slightly lower packing fractions compared to the HS mixture. The fractionation of the polydisperse sub-components of B is also dependent on the non-additivity parameter ∆ BaB b . Less fractionation occurs when ∆ BaB b < 0, more fractionation occurs when ∆ BaB b > 0. At higher ∆ BaB b this can even lead to additional phase separation, creating a third phase. The virial coefficient approach for polydisperse mixtures allows for the prediction of the phase behavior of polydisperse or impure binary mixtures. Not only does it allow for plotting the phase diagram, it also allows for the calculation of the composition and fractionation of each component in each phase.
